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ON KAWAMATA–VIEHWEG TYPE VANISHING FOR THREE
DIMENSIONAL MORI FIBER SPACES IN POSITIVE
CHARACTERISTIC
TATSURO KAWAKAMI
Abstract. In this paper, we prove a Kawamata–Viehweg type vanishing the-
orem for smooth Fano threefolds, canonical del Pezzo surfaces and del Pezzo
fibrations in positive characteristic.
1. Introduction
The Kawamata–Viehweg vanishing theorem is one of the most important tools
in birational geometry in characteristic zero. However, this vanishing theorem fails
in positive characteristic and a lot of counterexamples have been constructed (see,
for example, [33], [30], [6], [7], [40]). In this paper, we prove that a Kawamata–
Viehweg type vanishing theorem still holds on some Mori fiber spaces in positve
characteristic.
First, we discuss a Kawamata–Viehweg type vanishing theorem for a smooth
Fano threefold. Indeed, we prove the following theorem.
Theorem 1.1 (Theorem 3.5 and Corallary 3.6). Let X be a smooth Fano threefold
over an algbraically closed field k of characteristic p > 0 and D be a Cartier divisor
on X. If OX(D) ⊂ ΩX , then we have κ(D) = −∞, where κ(D) is the Iitaka dimen-
sion. Furthermore, if D is nef and ν(D) > 1, then we have H1(X,OX(−D)) = 0,
where ν(D) is the numerical dimension.
Theorem 1.1 can be reduced to the case of the Picard rank ρ(X) = 1 by choosing
suitable extremal contractions. The assertion then follows from an application of
a result of Shepherd–Barron ([37, Theorem 2.1]). We remark that Theorem 1.1
corrects [36, Theorem 1.4] whose proof has a gap in the case of p = 2, 3.
Next, we consider a Kawamata–Viehweg type vanishing theorem for a del Pezzo
surface. Cascini–Tanaka–Witaszek [8, Theorem 1.2] showed that there exists a pos-
itive integer p0 such that if p > p0, then the Kawamata–Viehweg vanishing theorem
holds on a log del Pezzo surface S. On the other hand, Cascini–Tanaka ([7, The-
orem 4.2 (6)]) constructed a canonical del Pezzo surface violating the Kawamata–
Viehweg vanishing theorem in characteristic two. Shortly afterward, inspired by
their example, Bernasconi ([2]) constructed a klt del Pezzo surface violating the
Kawamata–Viehweg vanishing theorem in characteristic three. Since his example
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is not canonical, the Kawamata–Viehweg vanishing theorem for canonical del Pezzo
surfaces still has remained open when characteristic is bigger than or equal to three.
In this paper, we give an affirmative answer to this open problem and determine
that the explicit bound p0 of [8, Theorem 1.2] is equal to two when S is a canonical
del Pezzo surface. More generally, we prove the following theorem.
Theorem 1.2 (Theorem 4.8 and Corollary 4.10). Let (S,∆) be a two-dimensional
projective klt pair over an algebraically closed field of characteristic p 6= 2. Suppose
that one of the followings holds.
(1) −KS is ample Cartier.
(2) ∆ = 0 and KS is a Cartier divisor such that κ(KS) = −∞.
If D be a Weil divisor on S such that D − (KS + ∆) is nef and big, then
Hi(S,OS(D)) = 0 for any i > 0.
Finally, we focus on a Kawamata–Viehweg type vanishing theorem for a del
Pezzo fibration f : Y → Z. Patakfalvi–Waldron ([32, Theorem 1.10]) proved that
H1(Y,OY (−D)) = 0 for an ample Cartier divisor D on Y when Y is smooth. We
generalize their result to the case where Y has only isolated singularities and D
is a nef Q-Cartier Weil divisor such that the numerical dimension ν(D) is bigger
than one. In [32, Theorem 1.10], they also showed that H2(Y,OY (−D)) is related
with cohomologies of non-normal fibers of f . Making use of their result, we deduce
the vanishing of H2(Y,OY (−D)) from an analysis of non-normal fibers and give an
answer to [32, Remark 1.11].
Theorem 1.3 (Corollary 5.3 and Theorem 5.6). Let f : Y → Z be a Mori fiber space
from a normal projective threefold with only isolated singularities to a smooth curve
over an algebraically closed field k of characteristic p > 0 and D be a nef Q-Cartier
Weil divisor on Y with ν(D) > 1. Then H1(Y,OY (−D)) = 0. Furthermore, if
p ≥ 11, Y is smooth and D is ample, then H2(Y,OY (−D)) = 0.
Notation. Throughout this paper, we work over an algebraically closed field k of
characteristic p > 0. We say X is a variety if X is an integral separated scheme
of finite type over k. A curve (resp. surface, resp. threefold) is a variety of
dimension one (resp. two, resp. three). Given a variety X , Xreg (resp. Xsg)
denotes the regular (resp. singular) locus of X . Given a variety X and a coherent
sheaf F on X , h0(X,F) denotes dimkH
0(X,F). Given a normal variety X , Ω
[i]
X
denotes (ΩiX)
∗∗ for all i ≥ 0, where (−)∗∗ is the reflexive hull. Given a normal
(resp. Gorenstein) projective variety X , KX denotes a corresponding Weil divisor
(resp. Cartier divisor) to a dualizing sheaf ωX . Given a variety X , Pic(X) denotes
the Picard group of X . Given a projective variety X , NS(X) (resp. N1(X))
denotes a quotient group of Pic(X) by its subgroup consisting all isomorphism
classes algebraically (resp. numerically) equivalent to zero. We refer to [23, Section
2.3] for the definitions of singularities appearing in the minimal model program.
2. Preliminaries
In this section, we summarize lemmas we need the rest of this paper.
Definition 2.1. Let X be a normal projective variety and D be a Cartier di-
visor on X . We define the Iitaka dimension∈ {0, 1, · · · , dimX} as follows. If
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h0(X,OX(mD)) = 0 for all m ∈ N, we say that D has Iitaka dimension
κ(D) := −∞. Otherwise, set
M :=
{
m ∈ N
∣∣ h0(X,OX(mD)) > 0
}
,
and consider the natural rational mappings
ϕm : X 99K P
(
H0(X,OX(mD))
∗
)
for each m ∈M.
The Iitaka dimension of D is then defined as
κ(D) := maxm∈M
{
dimϕm(X)
}
.
We say that D is big if κ(D) = dimX . Note that κ(D) = κ(nD) for every n ≥ 1.
Thus, we define κ(D) for a Q-Cartier Q-divisorD as κ(nD), where n is any positive
integer such that nD is Cartier.
Definition 2.2. Let X be a normal projective variety and D be a nef Q-Cartier
Q-divisor on X . We define the numerical dimension∈ {0, 1, · · · , dimX} as follows.
If D is numerically trivial, then we set ν(D) = 0. If D is not numerically trivial,
then
ν(X,D) := max{m ∈ N |Dm is not numerically trivial}.
Note that D is numerically trivial if and only if ν(D) = 0, and D is big if and only
if ν(D) = dim X . We always have the inequality κ(D) ≤ ν(D).
Let f : X 99K Y be a birational map of normal varieties. f is said to be a
birational contraction if f−1 does not contract any divisor. Any birational map
which appears in sequences of MMPs is a birational contraction.
Lemma 2.3 ([22, Lemma 2.2]). Let f : X 99K X ′ be a birational contraction of
normal Q-factorial projective varieties and D be a Q-Cartier Weil divisor on X. Let
D′ be a pushforward of D by f . Then H0(X, (Ω
[i]
X ⊗OX(−D))
∗∗) ⊂ H0(X ′, (Ω
[i]
X′ ⊗
OX′(−D
′))∗∗) for all i ≥ 0 and κ(D) ≤ κ(D′).
Lemma 2.4 ([38, Theorem 2.11]). Let X be a normal projective klt surface and D
be a nef and big Q-Cartier Weil divisor. Let H be a nef and big Cartier divisor on
X. Then there exits m0 > 0 such that H
1(X,OX(−D−mH−N)) = 0 for m ≥ m0
and for any nef Cartier divisor N .
Proof. This is an immediate consequence of [38, Theorem 2.11] and the Serre duality
for Cohen–Macaulay sheaves ([23, Theorem 5.71]). 
Lemma 2.5. Let X be a normal projective variety of dim X ≥ 2 and D be a nef
Q-Cartier Weil divisor with ν(D) > 1 on X. Suppose that one of the following
conditions is satisfied.
(1) X is a klt surface.
(2) X is a threefold with only isolated singularities.
Then H0(X, (Ω
[1]
X ⊗OX(−p
eD))∗∗) = 0 for all e > 0 implies H1(X,OX(−D)) = 0.
Proof. We have the exact sequence
0→ OU → F∗OU → F∗Ω
1
U ,
where U denotes a regular locus of X . By tensoring OU (−D) and taking the push-
forward by the inclusion map i : U →֒ X , we get
0→ OX(−D)→ F∗(OX(−pD))→ F∗(Ω
[1]
X ⊗OX(−pD))
∗∗.
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Let C denote Coker(OX(−D)→ F∗(OX(−pD))) ⊂ F∗(Ω
[1]
X ⊗OX(−pD))
∗∗. By the
assumption of this lemma, we have H0(X, C) →֒ H0(X, (Ω
[1]
X ⊗OX(−pD))
∗∗) = 0.
Therefore we get an injective map H1(X,OX(−D)) →֒ H
1(X,OX(−pD)). By
repeating this, it suffices to show H1(X,OX(−p
eD)) = 0 for sufficiently large e.
We first assume X is a klt surface and prove (1). We fix m, n ∈ Z>0 such that
D′ := pm(pn − 1)D is Cartier. Then, for any l ∈ Z>0, we have
H1(X,OX(−p
m+lnD)) = H1(X,OX(−p
mD)⊗OX(−p
m(pln − 1))D))
= H1(X,OX(−p
mD)⊗OX(−Hl)),
where Hl denotes (1 + p
n + · · · + p(l−1)n)D′. Then, by Lemma 2.4, we have
H1(X,OX(−p
mD) ⊗ OX(−Hl)) = 0 for sufficiently large l ≫ 0. Next, we as-
sume X is a threefold with only isolated singularities and prove (2). We show
H1(X,OX(−mD)) = 0 for all sufficiently large m ≫ 0. We can take a very am-
ple divisor H on X such that H is a smooth projective surface and D|H is a nef
and big Cartier divisor. By Lemma 2.4 again, there exists m0 > 0 such that
H1(H,OH(−mD − nH)) = 0 for all m ≥ m0 and n ≥ 0. Then, by the exact
sequence
H1(X,OX(−mD−(n+1)H))→ H
1(X,OX(−mD−nH))→ H
1(H,OH(−mD−nH)),
we can reduce the vanishing of H1(X,OX(−mD)) to the vanishing of
H1(X,OX(−mD − nH)) for sufficiently large n ≫ 0. Then the essentially same
argument as [16, Theorem 7.6 (b)] gives the assertion since OX(mD) satisfies the
Serre condition S2.

Separably uniruled (resp. separably rationally connected) varieties are analogs
of uniruled (resp. rationally connected) varieties in characteristic zero. We refer to
[26, Chapter IV] for their definitions and properties.
Lemma 2.6 ([25, Lemma 7] and [22, Proposition 3.4]). LetX be a smooth projective
variety and D be a Cartier divisor on X. Then the following assertions hold.
(1) If X is separably uniruled and D is big, then H0(X,ΩiX ⊗ OX(−D)) = 0
for all i ≥ 0.
(2) If X is separably rationally connected and κ(D) ≥ 0, then H0(X,ΩiX ⊗
OX(−D)) = 0 for all i > 0.
3. Kawamata–Viehweg type vanishing for smooth Fano threefolds.
In this section, we prove the cotangent bundle ΩX of a smooth Fano threefold
X does not contain a line bundle L with the Iitaka dimension κ(L) ≥ 0. For this,
we reduce to the case where the Picard rank is equal to one by choosing suitable
extremal contractions. As a corollary, we obtain the vanishing of H1(X,OX(−D))
for every nef Cartier divisor D with ν(D) > 1.
Definition 3.1 ([28]). Let X be a smooth Fano threefold. X is said be primitive
if X is not isomorphic to a blowing-up of a smooth Fano threefold along a smooth
curve.
Lemma 3.2. Let X be a smooth Fano threefold. Then there is a sequence of
birational maps of smooth Fano threefolds,
X =: X0
ϕ0
→ X1
ϕ1
→ · · ·
ϕℓ−1
→ Xℓ
f
→ Y
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such that the following properties hold.
(1) For any i ∈ {0, . . . , ℓ}, Xi is a smooth Fano threefold.
(2) For any i ∈ {0, . . . , ℓ − 1}, ϕi : Xi → Xi+1 is a blowing up of a smooth
curve.
(3) f is a Mori fiber space and Y is a point or P2k or P
1
k × P
1
k. A general fiber
of f is P1k when Y is P
2
k or P
1
k × P
1
k.
Proof. We may assume X is primitive. Then, by [28, section 8 (8.1),(8.2)], ρ(X) =
1 or there exists an extremal ray contraction f : X → Y , where Y is a smooth
projective surface. We remark that the argument of [28, section 8 (8.1),(8.2)] works
in all characteristic since an extremal contraction theorem on smooth projective
threefolds is proved in all characteristic in [24]. If a general fiber of f is not smooth,
then X is isomorphic to the variety of [31, Corollary 8 (1)] and X has another
extremal contraction f ′ : X → Y ′ which gives P1k-bundle structure by [31, Remark
9]. By replacing f with f ′, we may assume a general fiber of f is smooth. Note
that X can not be the variety of [31, Corollary 8 (2)], which is not primitive by [31,
Remark 10]. Next, we show that Y ≃ P2k or P
1
k × P
1
k when dim Y = 2. Since X is
rationally chain connected, so is Y . Also, an application of [35, Lemma 2.4] gives
κ(Y ) = −∞. Therefore, X is a smooth rational surface. Then it suffices to show
that there does not exist a curve whose self-intersection is negative and this follows
from the argument of [28, Proposition 6.6]. We remark that [28, Proposition 4.5]
which is used in the proof of [28, Proposition 6.6] is correct in all characteristic.
We refer to the proof of [29, Proposition 2.3]. 
Theorem 3.3 ([37, Theorem 2.1], cf. [36, Theorem 1.4]). Let X be a smooth Fano
threefold of ρ(X) = 1. Then H1(X,OX(−A)) = 0 for every ample Cartier divisor
A on X.
Remark 3.4. Theorem 3.3 was originally claimed in [36, Theorem 1.4], but the proof
has a gap in the case where p = 2 or 3. Shepherd–Barron corrected his proof in
[37, Theorem 2.1], which is included as an appendix of this paper.
Here, let us recall the Cartier operators. Let X be a smooth variety. The
Frobenius push-forward of the de Rham complex
F∗Ω
•
X : F∗OX
F∗d→ F∗ΩX
F∗d→ · · ·
is a complex of OX -module homomorphisms. We define coherent OX -modules as
follows.
BX := Im(F∗d : F∗OX → F∗ΩX),
ZX := Ker(F∗d : F∗ΩX → F∗Ω
2
X).
Then we have the exact sequence
0→ OX → F∗OX
F∗d→ BX → 0.(3.1)
Also, we have the exact sequence arising from the Cartier isomorphism,
0→ BX → ZX
C
→ ΩX → 0.(3.2)
We refer to [21] for the details.
Theorem 3.5. Let X be a smooth Fano threefold. Then H0(X,ΩX⊗OX(−D)) = 0
for every Cartier divisor D with κ(D) ≥ 0.
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Proof. We consider the sequence of Theorem 3.2 and use the same notation. By
Lemma 2.3, we may assume X is primitive. If Y is not point, then X is sep-
arably rationally connected by [14, Theorem 0.5] and the assertion follows from
Lemma 2.6 (2). Thus we may assume ρ(X) = 1. Then an application of The-
orem 3.3 gives H1(X,OX) = H
2(X,OX) = 0 and Pic(X) ≃ Z. This follows
from the argument of [36], but we prove here for the convenience of the reader.
First, note that every smooth Fano variety is rationally chain connected ([26, V,
2.13 Theorem]) and in particular we have Pic0(X) = 0 and N1(X) = NS(X).
Pic0(X) = 0 implies h1(X,OX) ≤ h
2(X,OX) by [11, Remark 9.5.15, 9.5.25]
and we have H2(X,OX) = H
1(X,OX(KX)) = 0 by Theorem 3.3. Therefore
H1(X,OX) = H
2(X,OX) = 0 and X (OX) = 1. Let OX(B) ∈ Pic(X) be a tor-
sion element. Then H2(X,OX(B)) = H
1(X,OX(KX − B)) = 0 by Theorem 3.3
again and we have 0 = h0(X,OX(B)) ≥ X (OX(B)) = X (OX) = 1. This is a
contradiction. Therefore Pic(X) is torsion-free and thus Pic(X) ≃ N1(X) = Z.
Now, let us show H0(X,ΩX ⊗ OX(−D)) = 0, where D is a Cartier divisor with
κ(D) ≥ 0. We first consider the case of κ(D) = 0. In this case, D = 0 by
Pic(X) ≃ Z and it suffices to show H0(X,ΩX) = 0. By the exact sequence (3.1)
and H1(X,OX) = H
2(X,OX) = 0, we get H
0(X,BX) = H
1(X,BX) = 0. Then,
by the exact sequence (3.2), we get H0(X,ZX)
C
≃ H0(X,ΩX) and a canonical in-
clusion H0(X,ZX) →֒ H
0(X,ΩX) is isomorphic. An application of [13, Proposition
4.3] gives
H0(X,ΩX) ≃ Pic(X)[p]⊗ k,
where Pic(X)[p] denotes a subgroup of Pic(X) composed by p-torsion elements.
Since Pic(X) is torsion-free, we get H0(X,ΩX) = 0. Next, we discuss the case of
κ(D) > 0. By the Riemann-Roch theorem, we have
X (OX(D)) =
1
12
(D ·D −KX · 2D −KX) +
1
12
(D · c2(X)) + X (OX),(3.4)
X (OX) =
1
24
(−KX · c2(X)).(3.5)
Since ρ(X) = 1, D ≡ a(−KX) for some a ∈ Q>0 and thus (D · c2(X)) = a(−KX ·
c2(X)) = 24a > 0 by (3.5) and X (OX) = 1. Therefore, the right hand side of (3.4)
is bigger than 0. By Theorem 3.3, H2(X,OX(D)) = H
1(X,OX(−(−KX +D)) = 0
and we have
h0(X,OX(D)) ≥ X (OX(D)) > 0.
Thus D is linearly equivalent to an effective divisor and we get H0(X,ΩX ⊗
OX(−D)) →֒ H
0(X,ΩX) = 0. 
Corollary 3.6. Let X be a smooth Fano threefold and D be a nef Cartier divisor
with ν(D) > 1. Then H1(X,OX(−D)) = 0.
Proof. If ν(D) = 3, that is, if D is nef and big, then the assertion follows from
Lemma 2.5 (2) and Theorem 3.5. Thus we assume ν(D) = 2. For all m > 0, we
have H2(X,OX(mD)) = H
1(X,OX(KX −mD)) = 0 by ν(mD−KX) = 3 and the
Riemann-Roch theorem gives
h0(X,OX(mD)) ≥
(D2 · −KX)
4
m2 +
(D ·K2X) + (D · c2(X))
12
m+ 1.
By (D2 · −KX) > 0, we have κ(D) = 2 and H
0(X,ΩX ⊗ OX(−nD)) = 0 for all
n > 0 by Theorem 3.5. Then the assertion follows from Lemma 2.5 (2). 
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4. Kawamata–Viehweg type vanishing on canonical del Pezzo surfaces
In this section, we consider a Kawamata–Viehweg type vanishing theorem on
canonical del Pezzo surfaces.
Definition 4.1. We say X is a canonical del Pezzo surface if X is a normal pro-
jective surface with canonical singularities such that −KX is ample.
If p = 2, by taking d = 3, q1 = 1, q2 = 2 in [7, Theorem 4.2 (6)], we obtain a
canonical del Pezzo surface X violating the Kawamata-Viehweg vanishing theorem,
that is, H1(X,OX(−A)) 6= 0 for some ample Q-Cartier Weil divisor A. In this
section, we prove this pathological phenomenon can not happen unless p = 2.
First, we gather the basic facts about canonical del Pezzo surfaces in the following
lemma.
Lemma 4.2. Let X be a canonical del Pezzo surface with d := (K2X). Then the
following assertions hold.
(1) dim | −KX | = d.
(2) | −KX | has no fixed part.
(3) A general member of | − KX | is a locally complete intersection (l.c.i. for
short) curve with arithmetic genus one.
(4) If d ≥ 3, then ω−1X is very ample.
(5) If d = 2, then ω−1X is globally generated and ω
−2
X is very ample.
(6) If d = 1, then ω−2X is globally generated and ω
−3
X is very ample.
Proof. We refer to [4, Proposition 2.10, Proposition 2.12 and Proposition 2.14]. 
Remark 4.3. [18, Proposition 4.2 (ii)] claims that a general anti-canonical mem-
ber of a canonical del Pezzo surface is smooth. However, their proof relies on [10,
The´ore`me 1], which is valid only in characteristic zero because of the Bertini the-
orem (see a remark in the beginning of Chapter IV of [10]). Indeed, there exist
canonical del Pezzo surfaces whose anti-canonical members are all singular when
p = 2 or 3 as we see in Example 4.4 and Example 4.5. We will see in Proposition
4.6 that it is smooth unless p = 2 or 3.
Example 4.4 (cf. [1, Exercise 7.5 and Exercise 7.6]). Let p = 2 or 3 and V be
a pencil of cubic curves X3 + Y 2Z and Z3 on P2k = Projk[X,Y, Z]. By taking
a resolution of the pencil, we get a quasi-elliptic fibration by [1, Exercise 7.5 and
Exercise 7.6]. In this resolution, we blow up 9 times. Let Y be a surface which
we get 8 times blow up. Then we can check that Y is a weak del Pezzo surface
with a general anti-canonical member is isomorphic to the fiber of the quasi-elliptic
fibration, that is, a curve such that the arithmetic genus is one and has one cusp
singularity. By contracting all (−2)-curves, we get a canonical del Pezzo surface
with one E8-singularity such that all anti-canonical members are singular.
Example 4.5 ([6, Proposition 4.3]). Let p = 2 and V be a linear system generated
by cubic curves X2Y +Y 2X,Y 2Z+Z2Y and Z2X+X2Z on P2k = Projk[X,Y, Z].
By blowing up at [1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1], [1 : 1 : 0], [1 : 0 : 1], [0 : 1 : 1], [1 :
1 : 1], we get the resolution ϕ|−KY | : Y → P
2
k of ϕ|V | : P
2
k 99K P
2
k. Then Y is a weak
del Pezzo surface whose general anti-cannonical member has one cusp singularity.
By contracting all (−2)-curves, we get a canonical del Pezzo surface with seven
A1-singularities whose anti-canonical members are all singular.
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These pathological phenomena are related to quasi-elliptic fibrations, which hap-
pen only in p = 2 or 3. In fact, a general anti-canonical member of a canonical del
Pezzo surface is smooth if p ≥ 5 as follows.
Proposition 4.6. Let X be a canonical del Pezzo surface. If p ≥ 5, then a general
member of | −KX | is smooth.
Proof. Let us denote d := (K2X). If d ≥ 3, then −KX is very ample by Lemma 4.2
and we get the assertion. Next, we assume d = 1. In this case, Bs | −KX | is one
point x, every member is an l.c.i. curve with arithmetic genus one and every two
members intersect transversely at x by Lemma 4.2 (1), (2). By blowing up at x, we
get a resolution f : Y → P1k of a pencil ϕ|−KX | : X 99K P
1
k. For every C ∈ |−KX |, C
is isomorphic to the strict transform since x ∈ C is a smooth point. Let π : Y˜ → Y
be a resolution and f˜ := π ◦ f . Since a general of f˜ is reduced and irreducible,
we have f˜∗OY˜ ≃ OP1k . Then the general fiber is smooth if p ≥ 5 and so is the
general member of | −KX |. Finally, we assume d = 2. Then ϕ|−KX | : X → P
2
k is a
generically e´tale morphism since p 6= 2 = deg(ϕ|−KX |). Let C1 and C2 be pullbacks
of two general elements of |OP1
k
(1)|. Then C1 and C2 intersect transversely at two
points x and y. Let V be a linear system generated by C1 and C2. By blowing
up at x and y, we get a resolution f : Y → P1k of a pencil ϕV : X 99K P
1
k. Since
every two members of V intersect transversely at x and y, every member of V is
isomorphic to the fiber of f . Therefore, a general member of V is smooth if p ≥ 5
and so is the general anti-canonical member. 
Remark 4.7. We can also see a general anti-canonical member of a smooth weak
del Pezzo surface Y is smooth if p ≥ 5 as follows. By considering the Stein fac-
torialization of ϕ|−mKY | for sufficiently large m, we obtain π : Y → X , where X
is a canonical del Pezzo surface and π is a contraction of (−2)-curves. Since a
general anti-canonical member does not intersect with (−2)-curves, this is smooth
by Proposition 4.6.
Now, we prove a Kawamata–Viehweg type vanishing theorem for normal projec-
tive surfaces with canonical singularities.
Theorem 4.8. Let X be a normal projective surface with canonical singularities
such that κ(KX) = −∞. If p 6= 2, then H
1(X,OX(−D)) = 0 for every nef and big
Q-Cartier Weil divisor D on X.
Remark 4.9. The assumption of characteristic p is sharp by [7, Theorem 4.2 (6)].
Proof. By Lemma 2.5, it suffices to show H0(X, (Ω
[1]
X ⊗ OX(−p
mD))∗∗) = 0 for
all m > 0. Since X has only canonical singularities, κ(X) = −∞ is equivalent to
saying KX is not pseudo-effective. Then, by running a KX-MMP, we obtain a Mori
fiber space (see Definition 5.1 for the definition). By Lemma 2.3, we may assume
X is the Mori fiber space f : X → Y . For the sake of contradiction, we assume
that there exists an injective map s : OX(p
mD) →֒ Ω
[1]
X for some m > 0. The case
of dim Y = 1 will be proved in Theorem 5.2 (1). Therefore, we assume dimY = 0,
that is, X is a canonical del Pezzo surface with ρ(X) = 1.
We consider the case of d = 1. By Lemma 4.2, a general member C of |−3KX | is a
smooth curve. By restricting s on C, we have an injective map s|C : OC(p
mD|C) →֒
Ω
[1]
X |C . The injectivity of s|C follows from the generality of C. Since C is contained
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in Xreg, OC(D|C) is ample Cartier and Ω
[1]
X |C = Ω
1
X |C . Let t : OC(p
mD|C) → ωC
be a composition of s|C : OC(p
mD|C) →֒ Ω
1
X |C and a canonical map Ω
1
X |C → ωC .
Then we have the following commutative diagram by the conormal exact sequence.
OC(p
mD|C)
xx
s|C

t
%%❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
0 // OC(−C) // Ω
1
X |C
// ωC // 0.
We have degC(p
mD|C) = (C · p
mD) = 3pm(−KX ·D) ≥ 3p
m ≥ 9. Here, the third
inequality follows from the fact −KX is ample Cartier. On the other hand, we
have degC ωC = (KX + C · C) = 6(−K
2
X) = 6. Therefore, t is a zero map and an
injective map OC(p
mD|C) →֒ OC(−C) is induced. However, this contradicts an
anti-ampleness of OC(−C) = OC(3KX). If d = 2 (resp. d ≥ 3), then by taking
a general member of | − 2KX | (resp. | −KX |), we can drive a contradiction in a
similar way. 
Let X be log del Pezzo surface, i.e., there exists an effective Q-divisor B such
that (X,B) is klt and −(KX+B) is ample. Cascini–Tanaka–Witaszek ([8, Theorem
1.2]) showed that there exists a positive integer p0 such that if p > p0, then the
Kawamata–Viehweg vanishing theorem holds on X . As a corollary of Theorem 4.8,
we can determine an explicit bound p0 is equal to two when X is a canonical del
Pezzo surface.
Corollary 4.10. Let (X,∆) be a two-dimensional projective klt pair. Suppose that
−KX is ample Cartier. Let D be a Weil divisor such that D − (KX + ∆) is nef
and big. If p 6= 2, then Hi(X,OX(D)) = 0 for i > 0.
Proof. By the same argument as [6, Proposition 7.1] or [9, Theorem 4.1], we may
assume ∆ = 0. Then the assertion follows from Theorem 4.8. 
Bernasconi ([2, Theorem 1.3]) proved that H1(X,OX(D)) = 0 for a klt del Pezzo
surface X and a nef and big Cartier divisor D on X when p ≥ 5. If we assume X
has only canonical singularities, then we can prove the following assertion.
Proposition 4.11. Let X be a normal projective surface with canonical singulari-
ties. Assume −KX is nef and big. Then H
1(X,OX(D))) = 0 for every nef and big
Q-Cartier Weil divisor D on X.
Proof. By the Serre duality and Lemma 2.5, it suffices to show H0(X, (Ω
[1]
X ⊗
OX(−p
m(D − KX)))
∗∗) = 0 for all m > 0. By replacing D with D − KX in
the proof of Theorem 4.8, we get the assertion. 
5. Kawamata–Viehweg type vanishing for del Pezzo fibrations
In this section, we discuss a Kawamata–Viehweg type vanishing theorem for del
Pezzo fibrations and we generalize the result by Patakfalvi–Waldron ([32, Theorem
1.10]).
Definition 5.1. Let f : X → Y be a projective surjective morphism between nor-
mal varieties with f∗OX = OY . f is said to be a Mori fiber space if −KX is
f -ample, dim X > dim Y and the relative Picard rank ρ(X/Y ) = 1. f is said to
be a del Pezzo fibration if f is a Mori fiber space with dimX = 3 and dim Y = 1.
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First, we focus on the relative Iitaka dimension of a divisorial subsheaf of a
reflexive cotangent bundle Ω
[1]
X of a Mori fiber space f : X → Y .
Theorem 5.2. Let f : X → Y be a surjective projective morphism between normal
varieties with f∗OX = OY and D be a Weil divisor on X. Let d be the relative
dimension of f . Suppose that one of the following conditions is satisfied.
(1) −KX is f -ample, d = 1 and Y is a smooth curve.
(2) −KX is f -ample, d = 1, p 6= 2 and dim Y ≥ 2.
(3) f is a del Pezzo fibration and X has only isolated singularities.
(4) −KX is f -ample, d = 2, p ≥ 5 and codimX(Xsg) ≥ 3.
If OX(D) ⊂ Ω
[1]
X , then κ(F,D|F ) ≤ 0, where F is a general fiber of f .
Proof. We consider the case of (3) and (4). Since codimX(Xsg) ≥ 3, F is contained
inXreg and thus F is a normal l.c.i. del Pezzo surface, that is, F is either a canonical
del Pezzo surface or a cone of an elliptic curve. Here, the normality follows from
[12, Theorem 14.1] and [32, Theorem 1.5] for (3), (4), respectively. Arguing by
contradiction, we assume that there exists an injective map s : OX(D) →֒ Ω
[1]
X for
some D with κ(D|F ) > 0. By the generality of F , s|F : OF (D|F ) →֒ Ω
[1]
X |F = Ω
1
X |F
is injective and D|F is a Cartier divisor. Let t : OF (D|F ) → ΩF be a composition
of s|F : OF (D|F ) →֒ ΩX |F and a canonical map ΩX |F → ΩF . We then have the
following diagram by the conormal exact sequence.
OF (D|F )
ww
 _
s|F

t
$$■
■
■
■
■
■
■
■
■
OF ⊕ · · · ⊕ OF // ΩX |F // ΩF // 0.
Let π : F˜ → F be a resolution of singularities. We first show H0(F˜ ,Ω
F˜
⊗
O
F˜
(−π∗(D|F ))) = 0. If F is a canonical del Pezzo surface, then F˜ is a smooth
rational surface and the vanishing follows from Lemma 2.6 (2). If F is a cone of an
elliptic curve, then F˜ is a smooth separably uniruled surface, ρ(F ) = 1 and thus
π∗(D|F ) is big. Then the vanishing follows from Lemma 2.6 (1). Now, since F
is normal and l.c.i., ΩF is torsion-free by [15, Theorem 1.1] and thus a canonical
map u : ΩF → π∗ΩF˜ is injective. Then by u ◦ t ∈ H
0(F, π∗ΩF˜ ⊗ OF (−D|F )) =
H0(F˜ ,Ω
F˜
⊗O
F˜
(−π∗(D|F ))) = 0, t is a zero map and an injective map OF (D|F ) →֒
OF is induced. This contradicts κ(D|F ) > 0. Next, we consider the case of (1)
and (2). Since −KX is f -ample, a generic fiber of f is a regular conic. Then a
general fiber of F is a smooth conic if p 6= 2. Also, if dimY = 1, then the extension
of function fields K(X)/K(Y ) is separable by [1, Lemma 7.2] and F is reduced,
that is, isomorphic to P1k even if p = 2. Then the assertions follow from a similar
argument to (3) and (4). 
Corollary 5.3. Let f : X → Y be a del Pezzo fibration. Suppose that X is projec-
tive and has only isolated singularities. Let D be a nef Q-Cartier Weil divisor on
X with ν(D) > 1. Then H1(X,OX(−D)) = 0.
Proof. By ρ(X/Y ) = 1, we can denote D ≡ a(−KX) + bF , where F is a fiber of f .
Since ν(F ) = 1, we get a > 0 and D|F is ample. Then the assertion follows from
Theorem 5.2 and Lemma 2.5 (2). 
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Remark 5.4. Let X be a normal projective variety with terminal singularities. If
p ≥ 5, we can take a smallQ-factorialization and run aKX -MMP (see [20],[3],[5] and
[19]). Let us assume the output of the MMP is a Mori fiber space f : X ′ → Y with
dim Y > 0. For example, this happens when X is not rationally chain connected
and KX is not pseudo-effective. Then we obtain H
1(X,OX(−D)) = 0 for every
nef and big Q-Cartier Weil divisor D on X by Lemma 2.3, Lemma 2.5 (2) and
Theorem 5.2. Note that three-dimensional terminal singularities are isolated in all
characteristic.
Next, we discuss the vanishing of H2(X,OX(−A)) for a del Pezzo fibration
f : X → Y and an ample divisor A. As we saw in Theorem 5.2, for the vanishing
of H1(X,OX(−A)), it was enough to see the general fiber of f , which is normal.
However, as we can see in [32, Theorem 1.10 and Remark 1.11], for the vanishing of
H2(X,OX(−A)), it seems that we need to consider all fibers of f , including non-
normal fibers. Let us recall the tameness of a (non-normal) Gorenstein del Pezzo
surface.
Definition 5.5. Let X be a (possibly non-normal) projective Gorenstein surface.
X is said to be a Gorenstein del Pezzo surface if the dualizing sheaf ωX is anti-
ample. A Gorenstein del Pezzo surface X is said to be tame if X (OX) = 1.
Let X be a non-normal Gorenstein del Pezzo surface. Then the closed subscheme
of X defined by the conductor ideal of the normalization is a smooth rational curve
if and only if X is tame. This may be well-known for experts, but let us explain
as we can not find references. Let ν : X ′ → X be the normalization. We denote
C ⊂ X and C′ ⊂ X ′ as the closed subschemes defined by the conductor ideal of ν.
We first show C is integral. By Reid’s classification of non-normal Gorenstein del
Pezzo surfaces ([34, 1.1 Theorem], see also [12, Theorem 5.3])(1)), we can check that
(ν∗(−KX) ·C
′)=2. Then, by the projection formula and [12, Proposition A.2.], we
have (−KX ·C) =
1
2 (ν
∗(−KX) ·C
′) = 1, in particular, C is irreducible and regular
in the generic point. Also, since X satisfies S2, C and C
′ satisfy S1 (see the proof of
[12, Proposition A.1.(i)]). Therefore, C is reduced and irreducible. Here, we have
the following exact sequences (see [12, Appendix]).
0→ OX → ν∗OX′ ⊕OC → ν∗OC′ → 0.(5.1)
1→ O×X → ν∗O
×
X′ ⊕O
×
C → ν∗O
×
C′ → 1.(5.2)
By the exact sequence (5.1), we have X (OX) − X (OC) = X (OX′) − X (OC′). By
the exact sequence 0 → OX′(−C
′) → OX′ → OC′ → 0 and H
i(X ′,OX(−C)) =
H2−i(X ′,OX′(KX′ + C
′)) = H2−i(X ′,OX′(ν
∗KX)) = 0 for i = 1, 2, we have
X (OC′) = 1. Note that the Kodaira vanishing, the last equality, holds on all
the surfaces of the table of Reid’s classification because they are smooth rational
surfaces or toric surfaces. Together with X (OX′) = 1, we have X (OC) = X (OX).
Therefore, C is a smooth rational curve if and only if X is tame.
By using the tameness of fibers of a smooth del Pezzo fibration, we can prove
the following theorem.
Theorem 5.6. Let f : X → Y be a del Pezzo fibration. Suppose that X is smooth
projective and p ≥ 11. Then H2(X,OX(−A)) = 0 for every ample Cartier divisor
A on X.
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Proof. First, we prove every fiber of f is a tame Gorenstein del Pezzo surface.
Let F be a fiber of f . Then F is irreducible by ρ(X/Y ) = 1. We can denote
F = mG for some m ∈ Z>0, where G := Fred is a Gorenstein del Pezzo surface.
By the exact sequence 0 → OG(−G) → O2G → OG → 0, we get X (O2G) =
X (OG) + X (OG(−G)) = 2X (OG). By repeating this, we get X (OF ) = mX (OG).
Let Fgen be a general fiber of f . Then Fgen is normal by [12, Theorem 14.1] and
thus X (OFgen ) = 1. Since f is flat, we get mX (OG) = X (OF ) = X (OFgen ) = 1.
Therefore m = 1 and F is a tame Gorenstein del Pezzo surface. Now, we prove the
vanishing of the cohomology of the assertion. Let A be an ample Cartier divisor.
By [32, Theorem 1.10], it suffices to show H1(F,OF (−A|F )) = 0, where F be
a non-normal fiber of f . Since ρ(X/Y ) = 1 and −KX is f -ample, we can denote
A ≡ a(−KX)+bF for some a, b ∈ Q and by restricting to F , we get A|F ≡ a(−KF ).
Let ν : F ′ → F be the normalization and C ⊂ F and C′ ⊂ F ′ be subschemes
defined by conductor ideals. Since (−KF ·C) = 1, a = (−aKF ·C) = (A|F ·C) ∈ Z.
By the exact sequence (5.2), we have Pic(F ) →֒ Pic(F ′) ⊕ Pic(C). Since F ′ and
C are a normal rational surface and a smooth rational curve, both of Pic(F ′)
and Pic(C) are torsion-free and so is Pic(F ′). Together with H1(OF ) = 0, we
have Pic(F ) ≃ N1(F ) and A|F is linearly equivalent to −aKF . Then we get
H1(F,−A|F ) = H
1(F, aKF ) = 0 by [34, 4.10 Corollary (1)]. 
Appendix
For the convenience of the reader, we include the proof of Theorem 3.3 as an
appendix to this paper. We emphasize that all the results in this appendix are
proved by Shepherd–Barron [37], whom we thank very much.
Lemma A.1.([37, Lemma 2.4]) Let f : Y → X be a finite dominant morphism of
degree two from a normal irreducible scheme to a regular irreducible scheme. Then
f∗OY /OX is an invertible sheaf and Y is l.c.i..
Proof. First, we show that f∗OY /OX is invertible. We may assumeX is a spectrum
of a regular local ring (X, x). We use the induction on dimX . First, we assume
dimX ≤ 2. In this case, Y is Cohen-Macaulay, and since X is regular and f is
finite, f is flat. Since OX is a regular local ring, the map OX → f∗OY splits by [17,
Theorem 2]. Then f∗OY /OX is a direct summand of the free module f∗OY and
thus free of rank one. Next, we assume dimX ≥ 3. Let U := X − x and i : U →֒ X
be a canonical inclusion map. By considering the push-forward by i of the following
exact sequence
0→ OU → (f∗OY )|U → (f∗OY /OX)|U → 0,
we have
0→ OX → f∗OY → i∗((f∗OY /OX)|U )→ R
1i∗OU = H
2
x(OX) =
X:S3
0.
Since (f∗OY /OX)|U = (f |f−1(U))∗Of−1(U)/OU is invertible by the induction hy-
pothesis, i∗(f∗(OY /OX)|U ) is reflexive of rank one and thus invertible. Now, let us
see the latter assertion. By [17, Theorem 2] again, we have f∗OY = OX ⊕ tOX for
some t ∈ f∗OY ∩ (K(X) \ 0). Then we get f∗OY ≃ OX [t]/(t
2 + at + b) for some
a, b ∈ OX and thus Y is l.c.i.. 
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Theorem A.2.([37, Theorem 2.1], cf. [36, Theorem 1.4]) Let X be a smooth Fano
threefold over an algebraically closed field k of characteristic p > 0 with ρ(X) = 1
and D be an ample divisor on X. Then H1(X,OX(−D)) = 0.
Remark 5.7. For the proof, we have to distinguish from the linearly equivalence
to the numerically equivalence because these results are consequences of Theorem
A.2.. Also, we have not known X (OX) = 1 but we know X (OX) > 0 by the
rationally chain connectedness of X as we saw in the proof of Theorem 3.5.
Proof. Arguing by contradiction, we assume that there exists an ample divi-
sor D such that H1(X,OX(−D)) 6= 0. By the Serre vanishing theorem,
H1(X,OX(−p
eD)) = 0 for sufficiently large e, and thus by replacing D with its
p-th power if necessary, we may assume H1(X,OX(−pD)) = 0. Then by [27,
Proposition 1.1.2], we have an l.c.i. projective variety Y and a purely inseparable
finite morphism ρ : Y → X of degree p such that −KY = ρ
∗(−KX + (p − 1)D).
Let H ∈ Pic(X) be an ample Cartier divisor whose canonical image in N1(X) ≃ Z
is a generator. We denote −KX ≡ mH and D ≡ nH for m,n ∈ Z>0. Then
−KY ≡ (m+(p−1)n)ρ
∗H . By [26, II 5.14 Theorem and 5.15 Remark], there exists
a rational curve C such that (−KY ·C) = (m+(p−1)n)(ρ
∗H ·C) ≤ dimY +1 = 4.
Therefore, we get p = 2 or 3.
First, we discuss the case of p = 3. In this case, n = 1 and −KY ≡ (m+2)ρ
∗H .
We first assume Y is normal. We have
X (OY ) = X (ρ∗OY ) = X (OX) + X (OX(D)) + X (OX(2D)).
Here, the second equality follows from the construction of Y (see [27, Proposition
1.1.2]). Since X (OX) > 0 by Remark 5.7 and ρ(X) = 1, an application of the
Riemann–Roch theorem gives X (OX(iD)) > 0 for i > 0. In particular, we get
X (OY ) > 0 and this implies h
1(OY (KY )) = h
2(OY ) > 0. Then, by the Serre
vanishing theorem, we can take r ∈ Z≥0 such that H
1(Y,OY (p
rKY )) 6= 0 and
H1(Y,OY (p
r+1KY )) = 0. Since Y is normal l.c.i., by [27, Proposition 1.1.2] again,
we have a l.c.i. projective variety Z and a purely inseparable finite morphism
σ : Z → Y of degree p such that −KZ = ρ
∗(−KY + (p − 1)(−p
rKY )) ≡ ((2 ·
3r + 1)(m + 2))σ∗ρ∗H . Since (2 · 3r + 1)(m + 2) > 4, this contradicts [26, II 5.14
Theorem and 5.15 Remark]. Therefore, we may assume Y is non-normal. Let
ν : Y˜ → Y be the normalization. We denote K
Y˜
= ν∗KY − C, where C is the
closed subscheme defined by the conductor of ν. Since ρ˜ = ν ◦ ρ : Y˜ → X is a
purely inseparable morphism of normal varieties of degree p, ρ˜ factors through the
Frobenius morphisms of X and Y˜ . Therefore, ρ˜ is homeomorphic, ρ(Y˜ ) = 1 and Y˜
is Q-factorial by [39, Lemma 2.5]. Then C is a Q-Cartier and written as C ≡ βρ˜∗H
for some β ∈ Q>0. Note that β 6= 0 since Y is non-normal.
Claim. H is a prime divisor.
Proof. By the Riemann–Roch theorem,
X (OX(H)) =
1
12 (H ·H −KX · 2H −KX) +
1
12 (H · c2(X)) + X (OX)
= 112 (H ·H −KX · 2H −KX) + (
2
m
+ 1)X (OX)
> 0.
We obtain H2(OX(H)) ≃ H
1(OX(−(H −KX))) = 0 by H −KX ≡ (m + 1)H >
nH = H . Therefore we get
h0(OX(H)) ≥ X (OX(H)) > 0
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and H is effective. Since H ∈ N1(X) is a generator, H is a prime divisor. 
Let T := (ρ˜∗H)red. Since ρ˜ is homeomorphic, we can write as ρ˜
∗H = rT for
some r ∈ Z>0. Then
3H = ρ˜∗ρ˜
∗H = rρ˜∗T = rsH
for some s ∈ Z>0 and we get r = 3
a, where a = 0, 1. Let T ′ → T be the normaliza-
tion and π : T˜ → T ′ be the minimal resolution. We have
KT ′ +Diff(0) ≡ (KY˜ + T )|T ′ ≡ −(m+ 2 + β − 3
−a)A
where A denotes an ample Cartier divisor ρ˜∗H |T ′ . By pulling back by π, we get
K
T˜
+∆
T˜
≡ π∗(KT ′ +Diff(0)) ≡ −(m+ 2 + β − 3
−a)π∗A
for some effective Q-divisor ∆
T˜
. Here, we use the minimality of π and the fact that
the Mumford pullback of an effective divisor is also effective. Sincem+2+β−3−a >
2 and ∆
T˜
is effective, K
T˜
is anti-big and in particular κ(T˜ ) = −∞. First, we
assume T˜ is not isomorphic to P2k. In this case, T˜ is a blowing up of a minimal
ruled surface and has a fibration structure to a smooth curve. Let l be a general
fiber of the fibration. Then l is nef divisor such that (π∗A · l) > 0 and −2 = (K
T˜
· l).
Therefore we get
−2 = (K
T˜
· l) = −(m+ 2 + β − 3−a)(π∗A · l)− (∆
T˜
· l) < −2
and this is a contradiction. Next, we discuss the case where T˜ ≃ P2k. In this case,
T ′ = T˜ ≃ P2k and there exists a curve l such that
−(m+ 2 + β − 3−a)(A · l) = (KT ′ +Diff(0) · l) ≥ −3.
Therefore we have m = 1 and A = OP2
k
(1), and thus
1 = (A2) = (ρ˜∗H · ρ˜∗H · T )
= 3−a(ρ˜∗H3)
= 31−a(H3)
=
m=1
31−a(−K3X).
On the other hand, by the Riemann-Roch theorem, we have
X (OX(−KX)) =
1
12 (−KX · −2KX · −3KX) +
1
12 (−KX · c2(X)) + X (OX)
= 12 (−K
3
X) + 3X (OX).
Therefore we get (−K3X) ∈ 2Z>0 and this contradicts (−K
3
X) = 3
a−1.
Next, we consider the case of p = 2. Let ν : Y˜ → Y be the normalization. We
denote K
Y˜
= ν∗KY − C, where C is closed subscheme defined by the conductor
of ν. C is a Q-Cartier and written as C ≡ βρ˜∗H for some β ∈ Q≥0 by the same
argument as the case of p = 3. By Lemma A.1., we have the following commutative
diagram
0 // OX // ρ∗OY // _
 
OX(D) // _

0
0 // OX // ρ˜∗OY˜
// OX(E) // 0
for some Cartier divisor E. Note that ρ∗OY /OX = OX(D) by construction. Since
E ≥ D > 0 and ρ(X) = 1, E is ample. We have h1(O
Y˜
(K
Y˜
)) = h2(O
Y˜
) > 0 by
X (O
Y˜
) = X (ρ˜∗OY˜ ) = X (OX) + X (OX(E)) > 1.
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Here, we can use the Serre duality on Y˜ as Y˜ is l.c.i. by Lemma A.1. By the
Serre vanishing theorem, there exists r ∈ Z≥0 such that H
1(Y˜ ,O
Y˜
(prK
Y˜
)) 6= 0
and H1(Y˜ ,O
Y˜
(pr+1K
Y˜
)) = 0 and by [27, Proposition 1.1.2], we have an l.c.i.
projective variety Z and a purely inseparable finite map σ : Z → Y˜ of degree p such
that −KZ = ρ
∗(−K
Y˜
+ (p − 1)(−prK
Y˜
)) ≡ ((2r + 1)(m + n + β))σ∗ρ˜∗H . Then
by [26, II 5.14 Theorem and 5.15 Remark], we get m = n = 1 and r = β = 0.
In particular, Y is normal. Let ν′ : Z˜ → Z be the normalization. We denote
τ˜ : Z˜
ν′
→ Z
σ
→ Y
ρ
→ X and K
Z˜
= ν′∗KZ − C
′, where C′ is the closed subscheme
defined by the conductor of ν′. C′ is Q-Cartier and written as C′ ≡ γτ˜H for some
γ ∈ Q≥0, since Z˜ is Q-factorial and ρ(Z˜) = 1.
Claim. H is a prime divisor.
Proof. By the same argument as the case of p = 3, it is enough to show
H1(OX(−(H −KX))) = 0 and this follows from H −KX ≡ 2H > nH = H . 
Let T := (τ˜∗H)red. Since τ˜ is homeomorphic, we can write as τ˜
∗H = rT for
some r ∈ Z>0. Then
4H = τ˜∗τ˜
∗H = rτ˜∗T = rsH
for some s ∈ Z>0 and we get r = 2
a, where a = 0, 1, 2. Let T ′ → T be the
normalization and π : T˜ → T ′ be the minimal resolution. We have
K
T˜
+∆
T˜
≡ π∗(KT ′ +Diff(0)) ≡ −(4 + γ − 2
−a)π∗A.
for some effective Q-divisor ∆
T˜
, where A denotes an ample Cartier divisor τ˜∗H |T ′
and thus κ(T˜ ) = −∞. First, we assume T˜ is not isomorphic to P2k. By the same
argument the case of p = 3, there exists a curve l such that
−2 = −(4 + γ − 2−a)(π∗A · l)− (∆
T˜
· l) < −2
and this is a contradiction. Next, we discuss the case where T˜ ≃ P2k. In this case,
T ′ = T˜ ≃ P2k. There exists a curve l such that
−(4 + γ − 2−a)(A · l) = (KT ′ +Diff(0) · l) ≥ −3,
and we have a = γ = 0 and A = OP2
k
(1). Then we get
1 = (A2) = (τ˜∗H · τ˜∗H · T )
= 2−a(τ˜∗H3)
= 22−a(H3)
≥ 4
and this is a contradiction.

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